The electromagnetic field in a magnetized neutron star and the underlying volume charges and currents are found. A general case of a rigidly rotating neutron star with infinite conductivity, arbitrary distribution of the internal magnetic field, arbitrarily changing angular velocity, and arbitrary surface velocity less than the velocity of light is considered. Quaternions are used to describe rotation and determine the magnetic field. It is shown that the charge density is not equal to and can exceed significantly the common Goldreich-Julian density. Moreover, corrections to the magnetic field due to stellar rotation are zero. For a rotating neutron star, twisting magnetic field lines causes charge accumulation and current flows. This fact shows a possible link between changing internal magnetic field topology and observed activity of neutron stars.
INTRODUCTION
It is well known that the classical observational manifestation of the neutron star is the radio pulsar (Beskin 1999 ). Other interesting manifestations have also been actively studied in recent years, e.g., magnetars (Mereghetti 2008 ), gamma-ray pulsars (Caraveo 2014 currents by a changing field, which can reveal itself, e.g., via crust heating and concomitant X-ray and radio emission. The currents are caused by charge redistribution and can be high if the charge density may change and reach considerable values. However, it is widely assumed that the charge density is bounded by a Goldreich-Julian density and, moreover, just equal to it (Goldreich and Julian 1969) . The purpose of this paper is to show that in actual fact this is not the case.
For this purpose, I calculate the internal electromagnetic fields, charges, and currents for a general case of a rigidly rotating perfectly conducting magnetized neutron star. I consider the relation between charges and currents and show that the internal charge density is not and can exceed significantly the Goldreich-Julian density. Charge redistribution and accumulation can be realized via twisting magnetic field lines. As a consequence, internal magnetic field rearrangement can potentially be reflected in observational properties of neutron stars even without contribution from additional mechanic effects.
INTERNAL FIELD
In the simplest case a neutron star can be considered a solid conducting ball of typical radius R ∼ 10 km rotating with period that usually lies in the range from P ∼ 1 ms for millisecond pulsars to P ∼ 10 s for magnetars. We assume that the stellar center is fixed and the rotation axis passes through the center. The rotation axis itself is not fixed, and its direction can change in time. We do not assume that the neutron star is a perfect ball, and the shape may be arbitrary, not necessarily spherical; the stellar center in this case is defined as the zero-velocity point around which rotation of the neutron star occurs. Every point in the neutron star moves with velocity
where r is the radius vector directed from the stellar center to the point and Ω is the angular velocity, with absolute value Ω = 2π/P .
Inside the neutron star we have the Maxwell equations
div B = 0,
where E and B are the internal electric and magnetic fields, ρ and j are the volume charge and current densities. We put c = 1, which corresponds to measuring all velocities in units of the velocity of light, c, and all times in units of 1/c, so that velocity is dimensionless and time has dimensions of length. To restore dimensions, it is sufficient to make in all formulas the
E → E/c, B → B/c, ρ → ρ/c, j → j/c 2 , and σ → σ/c.
The electric current j is related to E, B, and v via the relativistic Ohm law (Jackson 1999 , p. 572; Goedbloed et al. 2010 , p. 590),
where σ is the conductivity of the neutron star and γ = (1 − v 2 ) −1/2 is the Lorentz factor and where we denote ab · c = a(b · c). Equation (6) means that in the comoving inertial reference frame, which momentarily moves with the velocity of a given point, the Ohm law has the usual form
where
are the current and electric field in this frame, by the Lorentz transform (Jackson 1999, p.
558).
We assume that the neutron star is a perfect conductor, which means that it formally has infinite conductivity,
With the finiteness of j − ρv in Eq. (6), this condition implies
which in turn gives . To do so, we write the electric field in the form E = −v × B + δ, where δ is a deviation, and substitute it in Eq. (7) to give δ = vv · δ. We see that δ is parallel to v, which means that |v · δ| = vδ; therefore, δ = v 2 δ. Since every point in the neutron star can move only with velocity less than the velocity of light, v < 1, we obtain δ = 0 and, hence, δ = 0. Equation (8) Since v is known and given by Eq. (1), Eq. (8) determines the internal electric field via the internal magnetic field; therefore, it remains to find the latter. Substituting Eq. (8) in the Faraday law (4) yields
which determines the magnetic field. Equation (9) means that every point of a magnetic field line moves with velocity of the medium at this point (Alfvén and Fälthammar 1963) ; in other words, magnetic field lines are "frozen in" in the medium.
Taking account of Eqs. (1) and (3) and using the known formulas of vector analysis, we obtain from Eq.
denotes full, or substantial, derivative. Equation (10) is analogous to the equation for the radius vector,
which reflects the equality v = dr/dt and describes rotation of radius vector r around axis e z = Ω/Ω with angular velocity Ω. Therefore, the magnetic field vector at an arbitrary point in the neutron star, when parallel transferred so that its origin is at the stellar center, rotates analogously to the radius vector. Equation (10) expresses again the freezing-in condition and describes corotation of the internal magnetic field with the neutron star.
We see that the internal magnetic field is determined at any time t if it is specified at an arbitrary (say, 
which corresponds to the above rotation. Generally, Λ = Λ(t), with ζ = ζ(t) and α = α(t),
and describes how the position of the neutron star changes with time. We do not constrain anyhow this time dependence and consider it arbitrary.
Let us recall some necessary facts from the theory of quaternions. A quaternion M = µ 0 + µ is the sum of a scalar part µ 0 and a vector part µ. The conjugate quaternion is M = µ 0 − µ; for the quaternion (12) we haveΛ = cos(α/2) − ζ sin(α/2). Any vector is a quaternion with zero scalar part; e.g., the radius vector r can be considered as the quaternion 0 + r. The product of two quaternions M and N = ν 0 + ν is defined as
The product is associative, (
The latter property reflects that two successive rotations of a rigid body generally give another position than the same rotations applied in inverse order. The radius vector r = r(t) is related to the initial radius vector r 0 = r(0) via
In order to find the internal magnetic field at time t at position r, we should take the magnetic field at zero time at initial position r 0 and rotate it analogously to the radius vector; meanwhile, the initial position itself is obtained by the inverse rotation of r, which is characterized by the conjugate quaternionΛ [cf. Eq. (14)]: r 0 =Λ • r • Λ. We then have
All above formulas allow Ω to change its direction and absolute value in time:
The fact that the magnetic field (15) If Ω is constant, then ζ = e z and α = Ωt; this means that the neutron star rotates around fixed axis e z with constant angular velocity Ω. Equations (12), (13) , and (15) give in this case
where B 0 (r) = B(r, 0) is the internal magnetic field at zero time and r 0 = r cos Ωt − e z × r sin Ωt + e z e z · r(1 − cos Ωt).
The internal electric field E is given by Eq. (8), in which we can determine B via Eq. (15) generally or via Eq. (17) for constant Ω. In the latter case we have for E an equation analogous to Eq. (10) for B, dE/dt = Ω × E. Therefore, the internal electric field corotates with the neutron star when the angular velocity is constant. Equation (10) is, however, more general and means that the internal magnetic field corotates with the neutron star even when the angular velocity changes with time. When Ω is not constant, we have
where w =Ω × r is the rotational acceleration. The rightmost term in Eq. (18) describes the change in the electric field due to the change in the velocity of the neutron star matter, which also determines the field, see Eq. (8).
CHARGES AND CURRENTS
Besides the relativistic Ohm law for infinite conductivity, Eq. (8), we have used thus far only two of four Maxwell equations to calculate and realize the behavior of the internal electromagnetic field, Eqs. (3) and (4). The remaining two Eqs. (2) and (5) allow us to determine the underlying electric charges and currents that generate the field:
Let us consider for the moment a magnetized neutron star at rest, when Ω = 0 anḋ Ω = 0. The neutron star has a distribution of the internal magnetic field B, and the corresponding current is determined by the stationary version of Eq. (20):
Though the neutron star is at rest, j m can generally be nonzero and represents a magnetization current that generates the field B. This is seen from the fact that at rest there are no currents related to the electric field, as then the electric field in the neutron star is zero and does not change with time.
The magnetization current is essentially linked to the internal magnetic field and exists not only at rest but also when the neutron star rotates. Since the field is frozen in, the magnetization current is also frozen in. Therefore, we have for j m the same corotation equation as for B,
which is valid for arbitrary rotational motion of the neutron star, when the absolute value and direction of Ω can change with time. Equation (22) can also be verified directly-using Eqs. (1), (10), (11), and (21).
Now we may consider the relation between the charge and current densities in the neutron star. Substituting Eq. (8) in Eq. (19) yields the charge density as a function of current,
where we have denoted by
the so-called Goldreich-Julian density for zero velocity, into which the Goldreich-Julian density transforms when v = 0 (at the center of the neutron star). Recall in this regard the general expression for the Goldreich-Julian density (Goldreich and Julian 1969):
where v = Ωr sin θ is the velocity at a given point and θ is the polar angle.
Importantly, only the magnetization current j m , not the total current j, appears in the expression (23) for the charge density. More precisely, only the azimuthal, toroidal component j m φ = vv · j m /v 2 , which is parallel to v, is important for the determination of the charge density. In itself, j m , and hence j m φ , is related to the magnetic field and, evidently, is not related to the quantity ρv; thus, j m φ = ρv. Now notice that were j m φ = ρv, we would obtain from Eq. (23) exactly the Goldreich-Julian density (24) as the charge density. We immediately conclude that the charge density is not equal to the Goldreich-Julian density,
DISCUSSION
The charge density is thus determined not only by the angular velocity and magnetic field, as is the case of the Goldreich-Julian relation (24) , but also by the curl of the magnetic field.
This In this case internal magnetic field rearrangement can switch on or intensify magnetar radio emission, because inverse Compton scattering, which increases due to heating, enhances plasma generation. A separate study is required to determine exact conditions under which the above mechanisms take place, but we can definitely conclude here that these could give a possibility to observe internal effects related to field-line twisting even in the absence of contribution from additional mechanic effects. This is of importance for the determination of the structure of the internal magnetic field for magnetars, the source of their observed activity.
The described effects of twisting magnetic field lines in a neutron star include the link between crust heating and plasma generation, or between X-ray and radio emission. Another reflection of the link was found earlier in pure RRATs: the theory (Istomin and Sob'yanin 2011a) and subsequent observations (Miller et al. 2013) showed that physical processes producing radio bursts can heat the polar cap.
Field rearrangement requires that neutron star matter allow internal relative motions.
The motions can clearly occur in a liquid matter. However, a solid matter does not rule out the possibility of rearrangement: the matter can fracture or melt, say, via the Pomeranchuk effect (Pomeranchuk 1950; Bruk 1975; Bruk and Kugel' 1976a , 1976b , 1977 . 
